Abstract-In this paper, we propose a novel methodology for achieving complex dynamic behaviors in multirobot systems. In particular, we consider a multirobot system partitioned into two subgroups: 1) dependent and 2) independent robots. Independent robots are utilized as a control input, and their motion is controlled in such a way that the dependent robots solve a tracking problem, that is following arbitrarily defined setpoint trajectories, in a coordinated manner. The control strategy proposed in this paper explicitly addresses the collision avoidance problem, utilizing a null space-based behavioral approach: this leads to combining, in a non conflicting manner, the tracking control law with a collision avoidance strategy. The combination of these control actions allows the robots to execute their task in a safe way. Avoidance of collisions is formally proven in this paper, and the proposed methodology is validated by means of simulations and experiments on real robots.
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I. INTRODUCTION
T HIS paper introduces a control architecture to let a multirobot system implement complex cooperative dynamic behaviors, defined as tracking of arbitrary periodic setpoints while avoiding collisions. This objective is obtained based on the formulation first introduced in [1] : in particular, a subset of robots, called independent robots, are in charge of controlling the state of the dependent robots, exploiting a consensus-based interconnection.
Decentralized control of multirobot systems has been widely addressed in the last few years. Generally speaking, the aim of decentralized control strategies is implementing local interaction rules to solve a regulation problem: driving the state of the system to some desired configuration. Along these lines, mainly investigated coordinated behaviors include aggregation, swarming, formation control, coverage, and synchronization [2] - [6] .
Those strategies then provide methodologies for implementing basic behaviors, that are however far from real world practical applications typically envisioned for multirobot systems: consider, for instance, sophisticated tasks that are generally performed by groups of humans, in a coordinated manner. An example is represented by teams of workers involved in the construction of a building: each team member is in charge of performing a specific operation, whose execution needs to be coordinated with the other team members. Solving this kind of problems with a multirobot system requires developing control strategies for achieving complex cooperative dynamic behaviors, that cannot be modeled as regulation problems. Along these lines, in this paper we represent such behaviors as arbitrary setpoint trajectories, to be tracked by each robot in a coordinated manner. We propose then a methodology for controlling a group of robots whose interconnection is modeled as a graph: the idea is that of having a subset of those robots, namely the independent robots, whose motion is explicitly controlled, while the others, namely the dependent robots, are indirectly controlled through the underlying interconnection graph.
As shown in [7] , this partitioning can be exploited for modeling the multirobot system in such a way that it is represented as a classical linear time invariant (LTI) system. Along these lines, in [1] we introduced a decentralized methodology to solve a tracking problem for multirobot systems in a decentralized manner. Specifically, we exploited the well known Francis' regulator equations to design a decentralized control law to make a multirobot system follow predefined trajectories. In particular, periodic trajectories were defined for each dependent robot by means of an exosystem, as the linear combination of a given number of harmonics.
The contribution of this paper is the definition of a decentralized control strategy that makes a multirobot system cooperatively track desired setpoint trajectories in a collision-free manner. Building on the formulation first introduced in [1] , this objective is obtained defining a setpoint tracking control law in the null space of an appropriately defined collision avoidance control strategy. Collision avoidance is obtained exploiting a consensus-like interconnection on a weighted graph, where the edge weights are defined based on the gradient of a generic continuously differentiable non-negative collision avoidance edge tension function.
The contribution of this paper can then be summarized as follows.
1) A collision avoidance control strategy is defined for a multirobot system, exploiting a consensus-like interconnection on a weighted graph, where the edge weights are defined based on the gradient of a generic continuously differentiable non-negative collision avoidance edge tension function. 2) Building on the formulation introduced in [1] , a control strategy for arbitrary periodic setpoint tracking is defined in the null space of the collision avoidance control strategy. 3) Preliminary results on this topic were presented in [8] ,
where we considered avoidance of collisions among the dependent robots only. In this paper, we propose a control strategy that takes into account collisions among all the robots in the group. A complete proof of collision avoidance is provided. 4) A representative case study is then introduced as an instance of the general formulation, and is exploited to evaluate the performance of the system by means of simulations and experiments. This paper is organized as follows. Section II describes the model of the multirobot system, and the setpoint tracking control strategy. Collision avoidance is then introduced in Section III, and is subsequently combined with setpoint tracking exploiting the null space-based behavioral approach. Avoidance of collisions among the robots is formally demonstrated. A case study is then presented in Section IV, where the parameters of the control law are tuned for a specific example, and the performance of the proposed control strategy are evaluated by means of simulations and experiments. Finally, Section V contains some concluding remarks.
A. Related Works
While most of the literature on control of multirobot systems describes methodologies for solving regulation problems, achieving simple behaviors (such as synchronization, formation control, rendezvous, etc.), recently a few works have appeared that propose methodologies for achieving more complex cooperative behaviors. For instance, fluid dynamics models are utilized in [9] for modeling the motion of a large group of mobile robots, with the objective of creating a desired geometric formation moving in a complex environment. Each robot is modeled as a particle of the fluid, and artificial potential fields are used to model local interaction rules. Another control strategy based on artificial potential fields is described in [10] , where a variable number of mobile robots can be coordinated along arbitrarily defined closed curves, with collision avoidance guarantees.
Among the applications of multirobot systems, surveillance is one of the most well studied ones. A decentralized task allocation method is presented in [11] , where exploration is optimized, in order to guarantee identification of unknown targets. Neural network-based techniques are used in [12] for defining the motion of multiple mobile robots hunting unknown mobile targets.
Several works utilize the consensus protocol [4] , [13] , [14] for implementing decentralized control of multirobot systems, typically solving regulation problems, for instance achieving synchronization [15] - [17] or formation control [3] , [18] .
A modified consensus strategy is proposed in [19] , where gyroscopic effects are included for defining complex periodic geometric orbits.
As shown in [7] , the consensus interconnection can be utilized for modeling a multirobot system as a classical LTI system, where the characteristic matrices are defined based on the interconnection topology. Building on this formulation, in [1] we introduced a methodology for achieving complex cooperative behaviors in multirobot systems. The proposed methodology considers a multirobot system split into two groups: a small group of independent robots is used as an input for controlling the motion of a larger group of dependent robots, whose state evolves according to the consensus protocol. This is achieved defining the desired motion of the independent robots by means of the solution of the Francis' regulator equations.
It is worth noting that this was developed without considering issues related to collisions among the robots. However, when controlling mobile robots, collision avoidance is generally considered as a primary necessity, that has thus been widely investigated (see [20] - [24] and references therein for examples of collision avoidance strategies exploited in multirobot systems). Among the main collision avoidance control strategies, artificial potential fields [23] , [25] are one of the most popular techniques. Despite their effectiveness, the main drawback of these techniques is in the well known local minima problem [26] , that is the creation of undesired equilibrium points that prevent the system from converging to the desired configuration. For this reason, artificial potential fields are not suitable for correctly solving the tracking problem considered in this paper.
When defining setpoint trajectories to be tracked, collision avoidance can be partially taken into account designing non colliding setpoints. However, while this strategy is effective at steady state, problems can arise during the transients: in fact, based on the initial conditions, the setpoint tracking control law might lead to collisions among the robots. It is possible to model setpoint tracking and collision avoidance as two separate problems, whose solution generates two different behaviors. The composition of these behaviors defines the overall evolution of the multirobot system. Several behavioral approaches [27] can be found in the literature that aim at providing a solution for effectively composing possibly conflicting behaviors. In this paper, we consider the presence of two behaviors to be combined: 1) setpoint tracking and 2) collision avoidance. It is reasonable to assign different levels of priority to these behaviors, with the highest priority assigned to collision avoidance: in fact, it is always necessary to guarantee that robots do not collide among each others, while executing any desired task. The null space-based behavioral approach [22] , [28] is then a very effective framework for combining different behaviors in a hierarchical manner. In fact, with this technique, the highest priority behavior (the collision avoidance, in this case) is completely fulfilled, while the lowest priority behavior (the setpoint tracking, in this case) is only partially fulfilled, when a conflict arises with the highest priority behavior. Specifically, the lowest priority behavior is projected onto the null space of the highest priority behavior.
II. PRELIMINARIES

A. Notation
In this section, we briefly illustrate the notation that will be used throughout this paper.
Given Furthermore, we will indicate with ω i( j) ∈ R the jth component of the ith vector, and with ω( j) = [ω 1( j) . . . ω N( j) ] T ∈ R N the vector collecting the jth components of the vectors in the list. Finally, we will indicate withω = [ω T (1) . . . ω T (N) ] T ∈ R Nm the stacked vectors of components. Clearly, we have thatω = Pω, where P ∈ R Nm×Nm is a proper permutation matrix [29] .
The symbol I m ∈ R m×m will indicate the identity matrix of dimension m, and the symbol O m,n ∈ R m×n will indicate the null matrix of dimension m × n. The symbol ⊗ will be used to represent the Kronecker product.
B. Model of the Multirobot System
Consider a group of N mobile robots, and let x i ∈ R m be the state of the ith robot: without loss of generality, we will hereafter consider the case where the state corresponds to each robot's position. Let l ij = x i − x j be the Euclidean distance between the ith and the jth robot.
Consider then a constant communication graph G = {V(G ), E(G )}, and a time varying sensing graph S = {V(S ), E(S )}, where V(·) and E(·) are the vertex set and the edge set, respectively [30] . Each robot represents a vertex of G and S : therefore, V(G ) = V(S ). As we are considering a constant communication graph, then the edge set E(G ) does not change as the system evolves. Then, for each robot i, define N i ⊆ V(G ) as its neighborhood, that is the set of the robots that are interconnected to the ith one through the communication graph G , namely
Conversely, the edge set E(S ) is time varying. Defining a sensing distance δ s > 0, and edge exists in E(S ) between robots i and j if and only if l ij ≤ δ s .
In this paper, we will consider single integrator robots, 1 whose state evolves according to the well known (weighted) consensus protocol [4] 
where W ij = w ij I m , and w ij is a positive number if j ∈ N i , zero otherwise. As we are considering undirected graphs, then
It is worth noting that, in general, it is possible to consider a different weight for each component, namely
. w ij(m)
). However, in order to keep the notation simple, we will hereafter consider
Considering an arbitrary ordering of the edges, we will hereafter refer to w h ∈ R as the weight of the hth edge. Let M be the number of edges of G , and let I ∈ R N×M be the incidence matrix of G . Then, the Laplacian matrix L ∈ R N×N is defined as follows [33] :
Consider the stacked vector of the kth components, namely
Then, the dynamics in (2) can be written as follows:
As is well known [4] , under the consensus protocol the states of the robots converge to a common value.
Assume now that the goal is to control the states of the multirobot system: for this purpose, define a few independent robots, to whom it is possible to inject a control action. The state of the other robots, referred to as the dependent robots, evolves according to the consensus protocol.
More specifically, let V I (G ) ⊂ V(G ) be the set of the independent robots, and let
be the set of the dependent robots. Then, the dynamics of the multirobot system can be rewritten as follows:
where
Let D be the number of dependent robots, and let I = N −D be the number of independent robots. It is always possible to order the robots in such a way that the first D are the dependent robots. Then, as shown in [7] , it is possible to decompose the Laplacian matrix L as follows:
where A = A T ∈ R D×D represents the interconnection among the dependent robots, B ∈ R D×I represents the interconnection among dependent and independent robots, and E = E T ∈ R I×I represents the interconnections among the independent robots.
T ∈ R Im as the input vector, and let u (k) be the stacked vector of the kth components of u. Then, from (6) we obtaiṅ Let thenχ = P χ χ , andη = P η η be the stacked vector of components of χ and η, respectively, where P χ ∈ R Dm×Dm and P η ∈ R Im×Im are opportune permutation matrices (see Section II-A). Define then the following matrices:
Then, as shown in [1] and [7] , it is possible to rewrite the overall dynamics of the dependent robots, introduced in (5), as follows:
where vectorȳ ∈ R Im represents the output of the system, under the assumption that each independent robot is able to measure the state of its neighboring dependent robots.
The dynamics of the kth component of the state of the dependent robots introduced in (9a) can be written as follows:
Considering again the permutation matrices P χ and P η , the dynamics of the state of the multirobot system introduced in (9a) can be rewritten in terms of χ and u as follows:
where A = P −1 χĀ P χ and B = P −1 χB P η . Therefore, (9b) represents a standard LTI system, and it is then possible to apply the classical notions of controllability and observability. As shown in [34] , controllability can be guaranteed almost surely with a random choice of the edge weights on a connected graph. In order to guarantee connectivity of the communication graph, decentralized techniques can be exploited, as shown in [35] and [36] . Since the input matrix (i.e.,B) is the transpose of the output matrix (i.e.,B T ), then controllability implies observability as well (and vice versa).
According to (8) , the dynamics of the kth component of the state of the independent robots can be written as follows:
Considering again the permutation matrix P η , the dynamics of the state of the independent robots can be collectively written as follows:η
C. Tracking of Arbitrary Periodic Setpoint
In [1] , we developed a methodology that, exploiting the regulator equations, allowed us to define a control strategy to make a controllable (and observable) multirobot system follow a predefined periodic setpoint s(t) ∈ R Dm .
In particular, periodic setpoints may be defined as the combination of a sufficiently large number n of harmonics, that is a linear combination of the elements of the following vector:
A periodic setpoint can then be defined as a linear combination of the components of ξ by defining, for each component k,
It is possible to define a linear exosysteṁ
where G ∈ R (2n+1)×(2n+1) is an opportunely defined marginally stable matrix [1] , that utilizing the following initial condition:
T leads to obtaining (14) as a solution.
Define thenη ∈ R Im as the desired input for (10) and (11), that is the input that we would like to obtain if the position of the independent robots could be directly controlled. In order to make the dependent robots track the desired setpoint trajectories defined according to (15) , the kth component of the desired inputη can be defined as follows:
where (k) ∈ R I×(2n+1) and (k) ∈ R N×(2n+1) can be obtained, exploiting the strategy first introduced in [1] , by the solution of the regulator equations
and F (k) ∈ R I×D is defined in such a way that (A + B F (k) ) is Hurwitz stable. In order to implement the desired inputη introduced in (17), the input u can then be defined in such a way that the following holds:
with H ∈ R I×I . Considering (12) , the dynamics of the kth component of the state of the independent robots can then be rewritten as follows:
For any H > 0, it is possible to show that (20) evolves in such a way that the independent robots implement the desired inputη.
Considering the definition ofη in (17) , and considering (10) and (16), theṅ
Thus, considering (17) , the dynamics of the kth component of the state of the independent robots (20) can be rewritten as follows:
It is worth noting that (22) is the sum of three terms: 1) a feedback of the state of the dependent robots χ ; 2) a feedback of the state of the independent robots η; and 3) a feedforward term. Therefore, the implementation of the control law (19) requires the complete knowledge of χ and η, which represent centralized quantities. However, it can be implemented in a decentralized manner exploiting the procedures introduced in [37] and [38] : specifically, decentralized estimation schemes can be implemented to let each independent robot obtain a local estimate of both χ and η. This estimate can then be exploited for implementing the control law (19) in a decentralized manner: exploiting the well known separation principle in linear control theory, the tracking performances can still be guaranteed.
III. COLLISION AVOIDANCE
In this section, we will modify the control law introduced in Section II-C, in such a way that collision avoidance is guaranteed. In particular, the objective we are considering is avoiding collisions among the robots (both dependent and independent ones).
It is worth noting that avoidance of collisions can be partially dealt with designing noncolliding setpoint functions. However, even in this case it is important to explicitly address collision avoidance: in fact, during the transient, collisions among the robots might happen, based on the initial condition. Moreover, the desired trajectories for the independent robots are defined based on the solution of the regulator equations: thus, collision avoidance cannot be directly included into the definition of the trajectories.
Therefore, it is reasonable to assume that time intervals exist in which the setpoint tracking control law introduced in Section II-C is in conflict with any collision avoidance control strategy. Clearly, collision avoidance has the highest priority control objective: in fact, it is always necessary to guarantee that robots do not collide among each others, while executing any desired task.
For effectively combining these (possibly) conflicting control laws, we will exploit the null space-based approach [22] , [28] . In particular, we will first define an appropriate collision avoidance control action. Subsequently, we will compute its null space, where the setpoint tracking control strategy will be projected. This will let us guarantee the absence of collisions.
A. Collision Avoidance Control Law
The collision avoidance control law will be designed with respect to the time varying sensing graph S , defined given the sensing distance δ s > 0, in such a way that each robot is guaranteed to avoid collisions with all the other robots. In particular, define a collision distance δ c > 0, such that δ c < δ s . Then, the collision avoidance control law will be activated for every pair of robots for which an edge exists in the sensing graph S , and will be defined in such a way that l ij never goes below δ c .
For this purpose, inspired by [33] , define D ε δ c ⊂ R Nm as a collision free realization of the multirobot system, namely
for an arbitrarily small ε > 0. Moreover, we now introduce the definition of collision avoidance edge tension function.
Definition 1: A function V ij (ω) : (δ c , ∞) → R + is a collision avoidance edge tension function with respect to D ε δ c ⊂ R Nm if it exhibits the following characteristics. 1) It is nonincreasing with respect to its argument ω.
2) It is continuously differentiable with respect to its argument ω.
Given a collision avoidance edge tension function V ij (l ij ), we introduce the following collision avoidance control action for the ith robot:
where the gain c ij (l ij ) is defined in such a way that
and c ii (·) = 0, ∀i = 1, . . . , N. For ease of notation, the dependence of c ij (·) on l ij will be hereafter omitted, when not necessary. It is worth noting that the control law introduced in (24) represents a weighed consensus interconnection. Considering then an arbitrary ordering of the edges, we will hereafter refer to c h as the gain of the collision avoidance action acting on the hth edge, with h = 1, . . . ,M, wherē
Note that this gain is the same for each component. Therefore, according to the formulation given in (3), we can define the collision avoidance Laplacian matrix C(χ ) ∈ R mN×mN as follows:
whereĨ ∈ R N×M is the incidence matrix of the complete graph among the robots (i.e., the graph that connects every pair of robots). Therefore, the collision avoidance control law (24) can be rewritten as follows:
B. Setpoint Tracking and Collision Avoidance
In order to guarantee collision avoidance, each robot implements the control law in (6) only in the null space of the collision avoidance action defined in (24) . Namely, referring to the ith robot, the control laws can be combined as follows:
Matrix N i ∈ R m×m is defined in such a way that its column space represents the null space of the collision avoidance action for the ith robot, ∀i = 1, . . . , N. It is worth noting that the ith robot can potentially collide with all the other robots: therefore, N i can be defined as
where the matrix N ij ∈ R m×m defines the null space of the collision avoidance action between the ith and the jth robot, defined as follows [22] :
where sgn(·) is the signum function. This definition of N ij can be motivated as follows: when the collision avoidance is active between the ith and the jth robot (i.e., x i − x j ≤ δ s and then c ij = 0), this matrix suppresses the components of the control law that are parallel to the direction from i to j, that could eventually lead to collision. Conversely, when the collision avoidance is not active, no component needs to be suppressed, and N ij = I m . Matrices N i can be combined to define matrices D ∈ R mD×mD and I ∈ R mI×mI as follows:
Then, matrix D can be exploited for projecting (11) into the null space of the collision avoidance control action, as follows:χ
It is then possible to define A and B as the component-wise matrices obtained by the product D A and D B, respectively. Namely
Along the same lines, matrix I can be utilized for projecting (13) into the null space of the collision avoidance control action, as follows:η
Define then I as the component-wise matrix obtained by I , as follows: Finally, the collision avoidance and setpoint tracking control law can be combined in a nonconflicting manner as follows:
where, as described above, the first two terms lie in the null space of the collision avoidance control action. The overall control scheme is depicted in Fig. 1 , where the main variables and control laws introduced in this paper are summarized.
We will now demonstrate that the proposed control strategy guarantees collision avoidance.
For this purpose, inspired by [33] , define the total energy function V(x) : D ε δ c → R + as follows:
V ij l ij (38) where, in order to simplify the notation, we assumed
, the control law in (28) guarantees avoidance of collisions among the robots.
Proof: Consider the total energy function V(x) defined in (38) . Then, the time derivative of V(x) can be computed as follows:
whereV D (x) is the contribution given by the dependent robots, andV I (x) is the contribution given by the independent robots. The contribution of the dependent robots is defined as follows:
while the contribution of the independent robots is defined as follows:
In order to prove the statement, we will first show that: 1) the contribution of the dependent robots and 2) the contribution of the independent robots are negative semi-definite, which imply thatV(x) is negative semi-definite as well. Subsequently, we will show that 3) this implies collision avoidance.
1) Contribution of the Dependent Robots:
Consider the contribution of the dependent robots, namelyV D (x) in (40) . Considering the control law given in (28) , then (40) can be rewritten as follows:
Consider the second term, namely
Also, consider that, according to (25) 
According to the definition of N i given in (29), we obtain
Therefore, we can rewrite (43) as follows:
Let
Therefore, (44) can be rewritten as 
Therefore, according to (42)
2) Contribution of the Independent Robots: Consider now the contribution of the independent robots, namelyV I (x) defined in (41) . Considering the control law given in (28), then (41) can be rewritten as follows:
Also, consider that, according to (25)
According to the definition of N h given in (29), we obtain
Therefore, we can rewrite (50) as follows:
Therefore, (51) can be rewritten as
Then, (53) is the sum of N terms, that can be categorized into two cases. 1) If c hj = 0, then the jth term of (53) is trivially zero.
2) If c hj = 0, then, according to the definition of N hj given in (30) , the vector N hj ν hj is orthogonal to (x h − x j ), therefore the corresponding term of (53) is again zero. Then, it is possible to conclude that
Therefore, according to (49)
3) Avoidance of Collisions: Considering the definition of the time derivative of V(x) in (39), according to (48) and (55), it is possible to conclude thatV(x) ≤ 0, which implies that V(x) does not increase as the system evolves.
We will now show that, as V(x) does not increase, then no inter-robot distance approaches δ c .
For this purpose, definê
It is worth noting that, according to Definition 1,
. Therefore, according to its definition given in (38) 
. Subsequently, this maximum exists. In particular, the maximumV is obtained when all the inter-robot distances are equal to the minimum allowed lengths in D ε δ c that, according to (23) , is
where, according to Definition 1,V is the upperbound on V ij (·). Since V ij (·) is assumed to be nonincreasing with respect to its argument l ij , this upperbound is obtained for the minimum allowed value for l ij , defined in (57). A lowerbound will now be defined for the minimal interrobot distance that can generate this value for the total energy function. Consider this total energy as if it were generated from one single pair of robots, whose distance isl ε ≤ (δ c +ε), while all the other inter-robot distances are greater than δ s , i.e., their contribution to the total energy is zero. The distancel ε is defined such thatV
According to Definition 1
which implies that ∃l ε > δ c such that the condition in (59) holds.
Hence, it is possible conclude that, sincel ε is lowerbounded by δ c , as V(·) does not increase, no inter-robot distance tends to δ c .
It is possible to show that Definition 1 ensures that, when collision avoidance is not needed, then the combined control law introduced in (37) implements only the setpoint tracking control law first introduced in [1] . Consider the case where setpoints are defined as noncolliding trajectories: in this case, collisions can happen only during the initial transient. This property ensures that, after the initial transient, asymptotic tracking of the desired setpoint is obtained, without any perturbation caused by the introduction of the collision avoidance control law.
Lemma 1: Consider the control law introduced in (37). Then, property 5) in Definition 1 ensures that, if all the inter-robot distances are greater than δ s , namely
then the control law introduced in (37) is simplified as follows:
Proof: Consider the definition of the gain c ij given in (25) . According to property 5) in Definition 1, assuming the condition in (60), then
Considering the definitions of C(x) in (26), this implies that C(x) is a zero matrix. Thus, the control law (37) is simplified as follows:
Moreover, according to (29) and (30) , it is possible to conclude that
Therefore, considering the definition of D in (31) , this implies that D is the identity matrix. Subsequently, matrices A and B introduced in (34) are simplified as follows:
Moreover, considering its definition in (32) , I is the identity matrix as well.
Finally, applying the permutation matrices P χ , P η , it is possible to conclude that, in this case, the combined control law introduced in (37) can be rewritten as in (61).
C. Avoidance of Collisions With Environmental Obstacles
Considering a group of mobile robots moving in a (partially) unknown environment, it is generally useful to control them in such a way that collisions are avoided among each other, and with environmental obstacles. We will hereafter show how to extend the scope of the previously presented control strategy for this purpose. When an obstacle has been detected, a virtual robot can be projected on its surface, as described in [18] and [39] . Define then x o k ∈ R m as the position of the kth virtual robot associated to an environmental obstacle, with k = 1, . . . , N o .
The following distance can then be defined:
Considering then the definition of the collision avoidance edge tension function V ij (·) given in Definition 1, the collision avoidance control action defined in (24) is extended as follows:
where c ik (l o ik ) is defined in such a way that
Collision avoidance can then be demonstrated exploiting the results of Theorem 1, with the following total energy function:
IV. CASE STUDY: SIX DEPENDENT ROBOTS, THREE INDEPENDENT ROBOTS
In this section, we will consider the following representative case study: a multirobot system composed of nine single integrator robots moving in a 3-D environment (x, y, z), namely x i ∈ R 3 , ∀i = 1, . . . , 9. Moreover, we consider the first six robots to be the dependent robots (i.e., D = 6) and the last three robots to be the independent robots (i.e., I = 3). The interconnection topology is depicted in Fig. 2(a) , where independent robots are represented as green circles, and dependent robots are represented as red circles. Red lines are used to represent interconnections among the dependent robots, while green lines are used to represent interconnection among dependent and independent robots. For the sake of clarity, interconnections among the independent robots are omitted. Exploiting the procedure described in [1] , the control input u, to be injected into the system through the independent robots, is computed in such a way that the dependent robots asymptotically track the setpoint function Fig. 2(b) .
The collision avoidance edge tension function is defined, according to Definition 1, as follows:
where δ c < δ * < δ s , and the positive parameters k, α, r are chosen in order to guarantee continuity and differentiability of Fig. 3 . Subsequently, the gains c ij are defined as follows, according to (25) (see Fig. 4 ):
It is worth noting that the definition of V ij (l ij ) given in (68) [and subsequently of c ij (l ij ) given in (69)] is well posed assuming δ c < δ * < δ s and r > (δ s − δ * ). Subsequently, k, α can be determined imposing continuity and differentiability of V ij (l ij ).
A. Simulations
Simulations have been implemented using MATLAB, in order to evaluate the performance of the proposed control strategy. In particular, the behavior of the multirobot system was evaluated with and without the collision avoidance control action, starting from the same (randomly defined) initial configuration.
The collision avoidance edge tension function was implemented as in (68) with the parameter set specified in Table I . In particular, δ s and δ c were selected considering typical parameters for small-size mobile robotic systems. Parameter δ * represents the distance below which the collision avoidance actions significantly increases its magnitude: in order to reduce the effect of the collision avoidance action when not necessary, δ * is chosen sufficiently close to δ c . Parameters r, α, k are obtained imposing continuity and differentiability.
Define now l min as the minimum inter-robot distance, namely
As expected, as shown in Fig. 5 , when the collision avoidance is not active, time intervals exist in which the setpoint tracking control law causes the minimum inter-robot distance l min to go below δ c . Conversely, this does not happen when the collision avoidance control action is active. In order to evaluate the influence of the collision avoidance action on the performance of the system, define
as the tracking error. As shown in Fig. 6 , when the collision avoidance is not active, the tracking error quickly goes to zero, which implies perfect tracking of the desired setpoint. Conversely, Fig. 7 shows that, when the collision avoidance action is active, it perturbs the tracking performance: however, it is worth noting that the tracking error is different from zero only in those time intervals where the collision avoidance is necessary (i.e., inter-robot distances go below δ s , see Fig. 5 ). As shown in the picture, the amplitude of tracking error is between 100 and 200 mm, which is approximately the same value as the collision distance δ c : hence, it is possible to conclude that the collision avoidance control action introduces a small perturbation.
Additional simulations were performed considering larger groups of robots, in the presence of randomly placed environmental obstacles. In particular, Fig. 8 depicts the setpoints we considered in two representative examples: Fig. 8(a) considers D = 14 and I = 6, while Fig. 8(b) considers D = 10, I = 5. As shown in Fig. 9 , the achieved results are similar to the case study analyzed so far: the tracking error is different from zero only when the collision avoidance action is active, and its magnitude is comparable with the value of the collision distance δ c .
B. Experimental Results
The proposed control strategy was experimentally validated on a group of differential drive mobile robots, controlled by means of ROS [40] . In particular, a simplified experimental setup was considered for validation, with dependent robots moving in a bidimensional environment, and virtual independent robots, whose kinematic behavior was simulated. We considered two different scenarios: the first one includes N = 3 dependent robots and I = 3 independent robots, while the second one includes N = 2 dependent robots and I = 2 independent robots. Odometry was exploited for each robot to compute its own position, and feedback linearization [41] was exploited for applying the proposed control strategy (developed considering single integrator agents) to nonholonomic mobile robots.
The accompanying video shows the multirobot system controlled with the proposed strategy: in particular, we utilized a group of differential drive mobile robots whose size is approximately 60 cm (diameter). As expected, collisions among the robots are always avoided. The tracking error is typically less than 1 m, which can be considered a sufficiently small value, if compared with the size of the robots.
V. CONCLUSION
Building on the formulation first introduced in [1] , in this paper we introduced a control strategy for obtaining cooperative tracking of arbitrarily defined periodic setpoint functions for a multirobot system, with collision avoidance guarantees. In particular, the null space-based behavioral control approach was exploited for combining two conflicting control objectives: 1) collision avoidance and 2) setpoint tracking.
The collision avoidance control strategy was defined exploiting a consensus-like interconnection over a weighted graph, where the edge weights were defined based on the gradient of a non-negative collision avoidance edge tension function. Avoidance of collisions was then formally proven. A representative case study was then defined, as a multirobot system composed of three independent robots and six dependent robots. An example of continuously differentiable collision avoidance edge tension function was then defined, and exploited for evaluating the performance of the system by means of simulations and experiments. As expected, collision avoidance is always guaranteed. Moreover, tracking of the desired setpoint functions is correctly performed as long as it does not interfere with the collision avoidance.
Preliminary results were presented in [42] and [43] for extending the proposed control strategy to consider time varying communication graphs. Future work will aim at providing a robust solution, for considering unknown changes in the topology and other disturbances.
